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MONOTONICITY OF NON-PLURIPOLAR MONGE-AMPE`RE MASSES
DAVID WITT NYSTRO¨M
ABSTRACT. We prove that on a compact Ka¨hler manifold, the non-pluripolar Monge-
Ampe`re mass of a θ-psh function decreases as the singularities increase. This was conjec-
tured by Boucksom-Eyssidieux-Guedj-Zeriahi who proved it under the additional assump-
tion of the functions having small unbounded locus. As a corollary we get a comparison
principle for θ-psh functions, analogous to the comparison principle for psh functions due
to Bedford-Taylor.
1. INTRODUCTION
Let (X,ω) be a compact Ka¨hler manifold and θ be a smooth real (1, 1)-form on X .
Recall that a function φ : X → [−∞,∞) is said to be θ-psh if it is upper semicontinuous,
L1loc and θ + dd
cφ ≥ 0 in the sense of currents. Note that by the ddc-lemma any closed
positive (1, 1)-current T in the class [θ] can be written as T = θ + ddcφ where φ is θ-psh.
When φ is smooth one defines the Monge-Ampe`re measureMAθ(φ) := (θ + dd
cφ)n,
which will be a semipositive (n, n)-form, and clearly∫
X
MAθ(φ) =
∫
X
θn.
By the fundamental work of Bedford-Taylor [BT82, BT87] one can still define a Monge-
Ampe`re measure MAθ(φ), which will be a finite positive measure, only assuming φ to
be locally bounded. Even when φ is not locally bounded one can define a positive mea-
sure MAθ(φ) called the non-pluripolar Monge-Ampe`re measure, but a priori this could
fail to be locally finite. However, Boucksom-Eyssidieux-Guedj-Zeriahi established in
[BEGZ10] the finiteness ofMAθ(φ), the mass being bounded by the volume of the class
[θ] [BEGZ10] (for θ Ka¨hler this was first shown by Guedj-Zeriahi [GZ07]). But in contrast
to the case when φ is smooth (or locally bounded) the mass
∫
X MAθ(φ) does not only
depend on [θ]. To describe the dependence of the Monge-Ampe`re mass on φ we recall the
following definition.
Definition 1.1. If φ and ψ are two θ-psh functions we say that φ is less singular than ψ if
φ ≥ ψ +O(1).
Also recall that φ is said to have small unbounded locus if it is locally bounded away
from a closed complete pluripolar subset of X . In [BEGZ10, Thm 1.16] Boucksom-
Eyssidieux-Guedj-Zeriahi proved that if φ is less singular than ψ and both φ and ψ have
small unbounded locus then ∫
X
MAθ(φ) ≥
∫
X
MAθ(ψ).
They conjectured this to be true even without the assumption of small unbounded locus. In
this paper we prove their conjecture, i.e.:
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Theorem 1.2. Let φ and ψ be two θ-psh functions. If φ is less singular than ψ then∫
X
MAθ(φ) ≥
∫
X
MAθ(ψ). (1)
Remark 1.3. In fact, [BEGZ10, Thm 1.16] contains a more general statement about the
pseudoeffectivity of certain differences of cohomology classes of non-pluripolar products
(see Theorem 2.2).
Let us the recall the fundamental comparison principle for psh functions due to Bedford-
Taylor [BT82, Thm. 4.1]:
Theorem 1.4. Let Ω be a bounded open set in Cn and u and v two locally bounded psh
functions on U such that lim infz→∂Ω u(z)− v(z) ≥ 0 (i.e. u ≥ v on ∂Ω). Then∫
{u<v}
MA(v) ≤
∫
{u<v}
MA(u).
As was observed in [BEGZ10], Theorem 1.2 implies an analogous comparison principle
for θ-psh functions:
Corollary 1.5. Let φ and ψ be θ-psh and assume φ is less singular than ψ. Then∫
{φ<ψ}
MAθ(ψ) ≤
∫
{φ<ψ}
MAθ(φ).
In order to prove Theorem 1.2 we will, given θ, φ and ψ, construct a related form θ˜
together with θ˜-psh functions Φ and Ψ on X × PN for large N . By construction Φ will
be less singular than Ψ and they will also have small unbounded locus so we know from
[BEGZ10, Thm 1.16] that∫
X×PN
MAθ˜(Φ) ≥
∫
X×PN
MAθ˜(Ψ). (2)
We will then establish a formula for the Monge-Ampe`re masses of Φ and Ψ involving the
Monge-Ampe`re masses of φ and ψ (Prop. 3.1), so that invoking (2) for larger and larger
N yields the desired inequality (1).
1.1. Related work. In [Dar13] Darvas proved that if θ is Ka¨hler then a θ-psh function ψ
has full Monge-Ampe`re mass (i.e.
∫
X
MAθ(ψ) =
∫
X
θn) iff whenever φ is θ-psh and
locally bounded we have that P[ψ](φ) = φ. Here P[ψ](φ) is a certain kind of envelope
introduced in [RWN14], defined as the usc regularization of the supremum of all θ-psh
functions φ′ such that φ′ ≤ φ and φ′ ≤ ψ +O(1). Recently Darvas-Di Nezza-Lu general-
ized this result to the case when [θ] is just big.
These results have had important applications to the study of the geometry of the space
of full mass currents, but are not in an obvious way connected to the monotonicity on the
Monge-Ampe`re masses. However, interestingly their proof uses so called geodesic rays
constructed from the θ-psh function ψ. A geodesic ray can be thought of as a π∗Xθ-psh
function on X × D, where D is the unit disc, and one could also extend it to a θ˜ :=
π∗Xθ + πP1ωFS-psh function on X × P
1. This is similar to our construction of a θ˜-psh
functions Φ on X × PN when N = 1. Note though that in contrast to our proof the
methods in [Dar13, DDNL16] do not rely on the calculation of the Monge-Ampe`remass of
the geodesic ray, as this is automatically zero. Nevertheless our construction was initially
inspired by these papers [Dar13, DDNL16] and it would be very interesting to know if
possibly there are more links between the results.
MONOTONICITY OF NON-PLURIPOLAR MONGE-AMPE`RE MASSES 3
1.2. Acknowledgements. I want to thank Bo Berndtsson, Antonio Trusiani and especially
Tama´s Darvas for many helpful comments on an early draft.
2. PRELIMINARIES
Let (X,ω) be a compact Ka¨hler manifold and θ be a smooth real (1, 1)-form on X .
Recall from the introduction that a function φ : X → [−∞,∞) is said to be θ-psh if it is
upper semicontinuous, L1loc and θ+dd
cφ ≥ 0 in the sense of currents, and that by the ddc-
lemma any closed positive (1, 1)-current T in the class [θ] can be written as T = θ+ ddcφ
where φ is θ-psh.
The set of θ-psh functions is denoted by PSH(X, θ). The cohomology class [θ] is
called pseudoeffective if it contains a closed positive current, i.e. ifPSH(X, θ) is nonempty,
while [θ] is said to be big if for some ǫ > 0, [θ − ǫω] is pseudoeffective.
A θ-psh function is said to have analytic singularities if locally it can be written as
c ln(
∑
i |gi|
2) + f where c > 0, gi is a finite collection of local holomorphic functions
and f is smooth. By a deep regularization result of Demailly [Dem92], if [θ] is big then
there exists a θ-psh function with analytic singularities. Since any proper analytic subset
is closed and complete pluripolar we note that if φ is less singular than some function with
analytic singularities then φ has small unbounded locus.
A θ-psh function is said to have minimal singularities if it is less singular than all other
θ-psh functions.
We now come to the notion of non-pluripolar positive products of closed positive cur-
rents. This theory was first developed in the local setting by Bedford-Taylor [BT82, BT87]
and later in the geometric setting of compact Ka¨hler manifolds by Boucksom-Eyssidieux-
Guedj-Zeriahi [BEGZ10].
If Ti, i = {1, ..., p} are closed positive (1, 1)-currents there is a closed positive (p, p)-
current 〈T1 ∧ ... ∧ Tp〉 called the non-pluripolar positive product of Ti (see [BEGZ10]
for the definition). The product is symmetric and multilinear [BEGZ10, Prop. 1.4(c)])).
Importantly non-pluripolar products never puts mass on pluripolar sets.
When p = n = dimCX , 〈T1 ∧ ... ∧ Tn〉 is a positive measure, and when the n cur-
rents are all equal Ti = θ + dd
cψ, then 〈(θ + ddcψ)n〉 is known as the (non-pluripolar)
Monge-Ampe`remeasure of ψ, which we also denote byMAθ(ψ). From the symmetry and
multilinearity of the non-pluripolar product we get that if φ and ψ are θ-psh the measure
MAθ((1 − t)φ+ tψ) depends continuously on t ∈ [0, 1].
A basic fact is that if on some upen set U ψ is C1,1 (or more generally if ddcψ has
coefficients in L∞) then
1UMAθ(ψ) = 1U (θ + dd
cu)n. (3)
Here the right hand side simply denotes the measure one gets by taking the appropriate
determinant of the coefficient functions.
The following convergence result forMonge-Ampe`remeasures by Bedford-Taylor [BT82,
Thm. 2.1] is absolutely fundamental.
Theorem 2.1. Let U be an open set and uk be a decreasing sequence of θ-psh functions
such that u := limk→∞ uk is locally bounded on U (u will then automatically by θ-psh on
U ). Then on U the measuresMAθ(uk) converge weakly toMAθ(u).
Recall from [BT87, BEGZ10] that the plurifine topology is the one generalated by sets
of the formU∩{v > 0}whereU is open and v is some psh function onU . Monge-Ampe`re
measures are local in the plurifine topology [BEGZ10, Prop. 1.4(a)], i.e. if φ = ψ on a
plurifine open set O then 1OMAθ(φ) = 1OMAθ(ψ) .
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Let us state the full version of monotonicity result of Boucksom-Eyssidieux-Guedj-
Zeriahi from [BEGZ10, Thm. 1.16] mentioned in the Introduction.
Theorem 2.2. Assume we have two p-tuples of currents Ti = θi + dd
cφi and T
′
i =
θi + dd
cψi such that for each i φi is less singular than ψi, and furthermore each φi and
ψi has small unbouded locus. Then the cohomology class
〈T1 ∧ ... ∧ Tp〉 − 〈T
′
1 ∧ ... ∧ T
′
p〉
is pseudoeffective, i.e. contains a closed positive (p, p)-current. In the particular case that
p = n, θi = θ, φi = φ and ψi = ψ this means precisely that∫
X
MAθ(φ) ≥
∫
X
MA(ψ).
Boucksom-Eyssidieux-Guedj-Zeriahi also proved a comparison principle [BEGZ10,
Cor. 2.3]:
Theorem 2.3. For any two θ-psh functions φ and ψ we have∫
{φ<ψ}
MAθ(ψ) ≤
∫
{φ<ψ}
MAθ(φ) + vol([θ])−
∫
X
MAθ(φ).
If φ has minimal singularities then
∫
X MAθ(φ) = vol([θ]) and thus∫
{φ<ψ}
MAθ(ψ) ≤
∫
{φ<ψ}
MAθ(φ).
In [BEGZ10, Rem. 2.4] Boucksom-Eyssidieux-Guedj-Zeriahi also noted that when φ
is less singular than ψ and both have small unbounded locus, Theorem 2.2 can be used to
show that ∫
{φ<ψ}
MAθ(ψ) ≤
∫
{φ<ψ}
MAθ(φ).
Let us finally mention the domination principle [BEGZ10, Cor. 2.5]:
Theorem 2.4. Let φ and ψ be θ-psh. If φ has minimal singularities and ψ ≤ φ a.e. with
respect toMAθ(φ) then ψ ≤ φ everywhere.
3. A CONSTRUCTION ON X × PN
Assume [θ] is big.
Pick N ∈ N and let ωFS denote the Fubini-Study form on P
N . If πX and πPN are the
projections from X × PN to X and PN respectively we let θ˜ := π∗Xθ + π
∗
PN
ωFS . We
clearly have that [θ˜] also is big.
Let Zi be the homogeneous coordinates on P
N and denote
ln |Zi|
2
FS := ln
(
|Zi|
2∑N
j=0 |Zj |
2
)
.
Then ln |Zi|
2
FS is ωFS-psh with ωFS+dd
c ln |Zi|
2
FS being the current of integration along
the hyperplane {Zi = 0}.
Let ΣN denote the N -dimensional unit simplex ΣN := {x ∈ R
N : xi ≥ 0,
∑
xi ≤ 1}.
To ease notation we will write |x| :=
∑
i xi.
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Since [θ] is big we can pick a φ0 ∈ PSH(X, θ) with analytic singularities and we now
define
Φ :=
∗
sup
x∈ΣN
{(1− |x|)(φ0 + ln |Z0|
2
FS) + |x|φ+
N∑
i=1
xi ln |Zi|
2
FS −
N∑
i=1
x2i }.
Here ∗ means that we take the usc regularization of the supremum. We see that Φ is a
θ˜-psh function and since φ0+ln |Z0|
2
FS has analytic singularities and Φ ≥ φ0+ln |Z0|
2
FS
it follows that Φ has small unbounded locus.
Key to the proof of Theorem 1.2 will be the following proposition.
Proposition 3.1. We have that∫
X×PN
MAθ˜(Φ) = N
∫ 1
t=0
(∫
X
MAθ((1 − t)φ0 + tφ)
)
tN−1dt.
To prove Proposition 3.1 we will use the following lemma.
Lemma 3.2. Let U be an open set in Cn, u and v two psh functions on U , and we assume
that u is smooth while v is locally bounded. Let Φ be the psh function on U × CN defined
as
Φ :=
∗
sup
x∈ΣN
{(1− |x|)u + |x|v +
N∑
i=1
xi ln |zi|
2 −
N∑
i=1
x2i }.
Then we have that
(πU )∗MA(Φ) = N
∫ 1
t=0
MA((1− |x|)u + |x|v)tN−1dt.
Proof. First we assume that v is smooth.
ClearlyΦ is invariant under the standard torus-action onCN so if we write yi := ln |zi|
2
then for each p ∈ U , fp(y) := Φ(p, z) is a convex function on R
N . One notes that fp is
C1,1 (e.g. by observing that it is the Legendre transform of a strictly convex function and
using [Roc70, Thm. 26.3]) and since fp varies smoothly with p it follows that Φ itself is
C1,1.
The gradient of fp will map R
N to ΣN , indeed∇fp(y) = x iff
fp(y) = (1− |x|)u + |x|v +
N∑
i=1
xi ln |zi|
2 −
N∑
i=1
x2i .
Let us write xˆ(p, z) := ∇fp(y), hence we have that
Φ(p, z) = (1− |xˆ|)u+ |xˆ|v +
N∑
i=1
xˆi ln |zi|
2 −
N∑
i=1
xˆ2i .
Let V := xˆ−1(Σ◦N ). Using the fact that Φ is C
1,1 and ∂V has measure zero we get
that MA(Φ) = 1V (dd
cΦ)n+N + 1(V c)◦(dd
cΦ)n+N . Now fp fails to be strictly convex
outside of∇f−1(Σ◦N ) thus 1(V c)◦(dd
cΦ)n+N = 0, i.e. MA(Φ) = 1V (dd
cΦ)n+N .
On V we have
xˆi(p, z) =
1
2
(v(p)− u(p) + ln |zi|
2)
and so there
Φ(p, z) = u+
∑
i
xˆi((v − u+ ln |zi|
2 − xˆi)) = u+
∑
i
xˆ2i .
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We get then on V
ddcΦ = ddcu+
∑
i
xˆi(dd
c(v − u)− ddcxˆi) +
∑
i
dxˆi ∧ d
cxˆi +
∑
i
xˆidd
cxˆi =
= (1 − |xˆ|)ddcu+ |xˆ|ddcv +
∑
i
dxˆi ∧ d
cxˆi.
Since (
∑
i dxˆi ∧ d
cxˆi)
k = 0 for any k > N it follows that
MA(Φ) = 1V ((1 − |xˆ|)dd
cu+ |xˆ|ddcv)n ∧ (
∑
i
dxˆi ∧ d
cxˆi)
N . (4)
Let Vp := V ∩ ({p} ×C
N ). Since ddcu and ddcv do not contain any terms with dzi or
dz¯i, only the derivatives of xˆi in the Vp-directions will enter into the expression ofMA(Φ).
One easily checks that
(
∑
i
d(xˆi)|Vp ∧ d
c(xˆi)|Vp)
N = MA(Φ|Vp)
and hence from (4) we get
MA(Φ) = 1V ((1 − |xˆ|)dd
cu+ |xˆ|ddcv)n ∧MA(Φ|Vp). (5)
It is standard fact that if we let Y denote the map z 7→ y then
Y∗(MA(Φ|{p}×CN )) = N !MARN (fp). (6)
It is also well known that the real Monge-Ampe`re measure is connected with the gradi-
ent map so that
(∇fp)∗(MARN (fp)) = dx|ΣN . (7)
let µ be the ”moment” map from U ×CN to U ×ΣN given by µ(w, z) := (w, xˆ(w, z)).
Using (5), (6) and (7) then gives us that
µ∗(MA(Φ)) = MAU ((1 − |x|)u + |x|v)N !dx|Σ◦
N
. (8)
If we let π′ denote the projection from U × ΣN to U we can write πU = π
′ ◦ µ and
hence by (8)
(πU )∗MA(Φ) = π
′
∗MA((1− |x|)u + |x|v)N !dx|ΣN =
= N !
∫
ΣN
MA((1− |x|)u+ |x|v)dx. (9)
By homogeneity the volume of ΣN ∩ {|x| ≤ t} is t
N/N ! and it follows that
N !
∫
ΣN
MA((1− |x|)u + |x|v)dx = N
∫ 1
t=0
MA((1 − t)u+ tv)tN−1dt,
with (9) proving the Lemma in the case when v is smooth.
Recall that on V we had that
xˆi(p, z) =
1
2
(v(p)− u(p) + ln |zi|
2).
Since clearly 0 ≤ xˆi ≤ 1 this implies that if v > u − C for some constant C then the
closure of V is contained in U × eC/2+1DN . But recall thatMA(Φ) was supported on the
closure of V , hence MA(Φ) is supported on U × eC/2+1DN where eC/2+1DN denotes
the polydisc {z : ∀i, |zi| < e
C/2+1}.
Now let v be just locally bounded. Without loss of generality we can assume that v is
in fact bounded, and that say v > u− C for some contant C.
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Let vj be a sequence of smooth psh functions on U decreasing to v and write
Φj :=
∗
sup
x∈ΣN
{(1− |x|)u + |x|vj +
N∑
i=1
xj ln |zj|
2 −
N∑
i=1
x2i }.
By what we have established
(πU )∗MA(Φj) = N
∫ 1
t=0
MA((1 − t)u+ tvj)t
N−1dt. (10)
We have that Φj decreases to Φ and so by Theorem ??MA(Φj) will converge weakly to
MA(Φ). Also note that vj ≥ v > u− C so as a consequence eachMA(Φj) is supported
on U × eC/2+1DN , which implies that (πU )∗MA(Φj) corverge weakly to (πU )∗MA(Φ).
Since again by Theorem 2.1 eachMA((1− t)u+ tvj) converge weakly toMA((1− t)u+
tv), this proves the Lemma.

We now prove Proposition 3.1.
Proof. We wish to show that
(πX)∗MAθ˜(Φ) = N
∫ 1
t=0
MAθ((1 − t)φ0 + tφ)t
N−1dt. (11)
The Monge-Ampe`re measureMAθ˜(Φ) will not charge the analytic set {φ0 = −∞} so
let us pick a coordinate chart U ⊆ X \ {φ0 = −∞} where θ = dd
ch for some smooth
function h. Then u := φ0 + h is a smooth psh function on U while v := φ + h is simply
psh on U . We thus need to show that
(πU )∗MA(Φ + h) = N
∫ 1
t=0
MA((1− t)u+ tv)tN−1dt (12)
where
Φ+ h =
∗
sup
x∈ΣN
{(1− |x|)u + |x|v +
N∑
i=1
xi ln |zi|
2 −
N∑
i=1
x2i }.
Pick a constant C and let φC := max(φ, u− C), vC := φC + h and
ΦC + h =
∗
sup
x∈ΣN
{(1− |x|)u + |x|vC +
N∑
i=1
xi ln |zi|
2 −
N∑
i=1
x2i }.
Since u is smooth and vC locally bounded on U Lemma 3.2 says that
(πU )∗MA(ΦC + h) = N
∫ 1
t=0
MA((1− t)u+ tvC)t
N−1dt.
By the fact that the Monge-Ampe`re measures are local in the plurifine topology we thus
get that
1{φ>u−C}(πU )∗MA(Φ + h) = 1{φ>u−C}N
∫ 1
t=0
MA((1 − t)u+ tv)tN−1dt.
Observing that neither (πU )∗(MA(Φ + h)) nor N
∫ 1
t=0
MA((1 − t)u + tv)tN−1dt puts
any mass on the pluripolar set {v = −∞} we get (12) by letting C →∞. This establishes
(11) while integrating it overX finally yields the Proposition.

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4. PROOFS OF MAIN RESULTS
We can now prove Theorem 1.2.
Proof. Let φ and ψ be as in the statement of Theorem 1.2. By [BEGZ10, Prop. 1.22], if
[θ] is not big then both Monge-Ampe`re masses are zero, thus we can assume that [θ] is big.
Pick a large N and let Φ and Ψ be defined as above. From the construction it is clear
that Φ is less singular than Ψ. Since they also have small unbounded locus we know from
[BEGZ10, Thm. 1.16] that∫
X×PN
MAθ˜(Φ) ≥
∫
X×PN
MAθ˜(Ψ).
Combined with Proposition 3.1 we get that
N
∫ 1
t=0
(∫
X
MAθ((1− t)φ0 + tφ)
)
tN−1dt ≥
≥ N
∫ 1
t=0
(∫
X
MAθ((1− t)φ0 + tψ)
)
tN−1dt. (13)
Recall from Section 2 that the function
g(t) :=
∫
X
MAθ((1 − t)u+ tφ)
is continuous in t ∈ [0, 1]. It follows that
lim
N→∞
N
∫ 1
t=0
(∫
X
MAθ((1− t)φ0 + tφ)
)
tN−1dt =
∫
X
MAθ(φ), (14)
and similarly for ψ. The theorem follows from combining (13) and (14). 
Let us recall and prove the corollary stated in the Introduction.
Corollary 4.1. Let φ and ψ be θ-psh and assume φ is less singular than ψ. Then∫
{φ<ψ}
MAθ(ψ) ≤
∫
{φ<ψ}
MAθ(φ).
Proof. Here we precisely follow [BEGZ10, Cor. 2.3, Rmk. 2.4].
Let ǫ > 0 and φǫ := max(φ, ψ − ǫ). By Theorem 1.2 we have that
∫
X
MAθ(φǫ) =∫
X MAθ(φ) and so using the plurifine locality of Monge-Ampe`re measures we get∫
X
MAθ(φ) =
∫
X
MAθ(φǫ) ≥
∫
{φ<ψ−ǫ}
MAθ(φǫ) +
∫
{φ>ψ−ǫ}
MAθ(φǫ) =
=
∫
{φ<ψ−ǫ}
MAθ(ψ) +
∫
{φ>ψ−ǫ}
MAθ(φ) =
=
∫
{φ<ψ−ǫ}
MAθ(ψ) +
∫
X
MAθ(φ) −
∫
{φ≤ψ−ǫ}
MAθ(φ),
and hence ∫
{φ<ψ−ǫ}
MAθ(ψ) ≤
∫
{φ≤ψ−ǫ}
MAθ(φ) ≤
∫
{φ<ψ}
MAθ(φ).
The result now follows from letting ǫ tend to zero. 
We will also mention a second corollary, namely the following domination principle:
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Corollary 4.2. Let φ, ψ and ρ be θ-psh, and assume that φ is less singular than ψ and ρ.
Then if φ ≥ ψ a.e. with respect toMA(φ) it follows that φ ≥ ψ a.e. also with respect to
MA(ρ).
Proof. Here we precisely follow [BEGZ10, Cor. 2.5].
We can assume that ρ ≤ φ. Let ǫ > 0. By Corollary 4.1 we get that
ǫn
∫
{φ<(1−ǫ)ψ+ǫρ}
MAθ(ρ) ≤
∫
{φ<(1−ǫ)ψ+ǫρ}
MAθ((1− ǫ)ψ + ǫρ) ≤
≤
∫
{φ<(1−ǫ)ψ+ǫρ}
MAθ(φ). (15)
But since {φ < (1 − ǫ)ψ + ǫρ} ⊆ {φ < ψ} it follows that∫
{φ<(1−ǫ)ψ+ǫρ}
MAθ(φ) = 0
and hence by (15) ∫
{φ<(1−ǫ)ψ+ǫρ}
MAθ(ρ) = 0.
Letting ǫ tend to zero yields the result. 
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